A PRIORI ESTIMATES FOR THE SCALAR CURVATURE 

EQUATION ON 

MATTHIAS SCHNEIDER 

Abstract. We obtain a priori estimates for solutions to the prescribed 
scalar curvature equation on 5*^. The usual non-degeneracy assumption 
on the curvature function is replaced by a new condition, which is nec- 
essary and sufficient for the existence of a priori estimates, when the 
curvature function is a positive Morse function. 



1. Introduction 

Let > 3 and S'^ be the standard sphere with round metric go induced 
by = dBi{0) C M^+^ We study the problem: Which functions K 
on occur as scalar curvature of metrics g conformally equivalent to go? 
Writing g = ip'^^^^~'^^ go this is equivalent to solving (see 

-^^^^^s^^ + N{N - 1)^ = Kie){^)^^, ip>0 in 5^. (LI) 

In stereographic coordinates S0{-) centered at some point 9 E equation 
(jLlI) is equivalent to 

K O Sf)(x) N+2 J. J 

-An = ,u>0 in M^, (L2) 

where 

u{x) = ne{ip){x) := iN{N -2)) — {l + \x\^)- — ipoSe{x). (1.3) 

Obviously, to solve HL1|) the function K has to be positive somewhere. More- 
over, there are the ira2:(ian- 1/Farner obstructions Q)^^? if solves then 

r 2JV 

/ Vxj • VK ip~ =0 ioT j = 1 . . . N + 1. 

In particular, a monotone function of xi can not be realized as the scalar 
curvature of a metric conformal to go. 

Numerous studies have been made on equation Ill and various sufficient 
conditions for its solvability have been found (see 0, 0, IB, El, 0, 0| 
and the reference therein), usually under a non-degeneracy assumption on 
K. On a positive function K is non-degenerate, if 

As3K{e) / if VA'(^) = 0. (nd) 
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For positive Morse functions K on it is shown in [sl. Iiol l2l| that Hl.l[) is 
solvable if K satisfies (Indll and 



d--=-{^+ E (-ir'^^'^) /o, (1.4) 



Ag3K{e)<0 

where ind(0) is the Morse index of K at 6. We are interested in the case 
when = 3 and the non-degeneracy assumption ()nd|) is not satisfied. 
To obtain the existence result Bahri and Coron 0| use a detailed analysis of 
the gradient flow of (|1.1|) and Schoen and Zhang approximate (|1.1|) by 
subcritical problems p which are always solvable, and analyze the 

possible blow-up of solutions. 

We follow the approach suggested in and use a continuity method. We 
join the curvature function K to the constant function Kq = 6 by a one 
parameter family Kt{e) := 6(1 + tk{e)), where k{e) := 1{K{9) - 6), and 
consider 

-SAgsif + 6ip = 6(1 + tk{9))ip^, 99 > in S'^ (1.5) 

or in stereographic coordinates using (|1.3() and kg{x) := k o Sg{x) 

-An = (1 + t/ce(x))ti^ in M^ u > 0. (1.6) 

In general there are no a priori L°°-estimates for (|1.5|) or (|1.1|) due to the 
noncompact group of conformal transformations of acting on solutions: 
the solutions of 1)1.2(1 for A; = form a noncompact manifold (see ) 

Z := := ,-'^(N(N - 2))^ (l + l^l^"^ 

where z^^y{y) — > oo as /U — > 0. 
Chang, Gursky and Yang 

[3 show that if K G C'^{S^) is positive and 
satisfies (jndj) then for every 5 > there is a constant C = C{5, K) > such 
that for all t £ [6, 1] and solutions tpt of ()1.5() we have 

< ipt{0) < C and ||(/7j||(72, 0(5-3) < C. 

Furthermore, they compute the Leray-Schauder degree for ()1.5j) for t > 
small, and show that it equals d in (|1.4|) if ii' is a Morse function. The a 
priori estimate implies the invariance of the degree as the parameter t moves 



to 1 and gives a solution to (|1.5|) if d 7^ 0. Chen and Lin jl]| show that 
if X G C^(5^) is a non-degenerate Morse function then C may be chosen 
independently of 5 > 0. 

Hence, if (|nd|) fails, we face two problems: Is the a priori bound still valid 
and how do critical points of K with AgzK = occur in the index count 
condition (|1.4() . Here, we will mainly deal with the question about the a 
priori bound of solutions. 

In the following, unless otherwise stated, we will always assume = 3 and 
that the function K G C^{S'^) is positive. To give our main results we need 
the following notation. For k G C^{S^) we write kg = koSg and for a critical 



point 9 oi k we let 

ai{e) := A^keiO) + ViAkem ■ {D\eiO)y'v{Akem, (^-^^ 

a2{9) := ke{0)ai{9) [ \D%{0){x)^\\ 

o'^ JdBi{0) 

where all differentiations are done in M'^ and f is the Cauchy principal value 
of the integral, 



f{x) := lim / f{x). 

Theorem 1.1. Suppose 1 + fc E C^{S'^) is positive and satisfies 
D^keiO) is invertihle, if 9 £ A := {9 £ : Vk{9) = and Asik{9) = 0}. 
Thus, A is discrete and hence finite. Denote by M the finite set 

M :={9eS^ : 9 e A, ao{9) = 0, and a2{9) / O}. 
Then for every 5 > there is a constant C = C{k,5) > such that for all 

iG(0,l]\ U Bs(-^^ 
esA/ V 02(6*). 

and solutions (ft of (|1.5|) we have 

< (pt{x) < C and ||v9t(x)||c;2,a(s3) < C. 

Theorem 11.11 extends the known a priori estimates to the case when ()nd|l 
may fail. If k satisfies ()nd|) the solutions are uniformly bounded with respect 
to t € (0, 1]. Moreover, we get uniform estimates for t G (0, 1] if M* = 0, 
where 

M* := {6* G M : < -ai{9)/a2{9) < 1}. 

Our results are optimal since we construct for every 9 G M* solutions '^t 
which blow up as t — > —ai{9)/a2{9). We say that {ti,ipi) blow up at the 
blow-up point 9 G S^, if (pi solves ()1.5() with t = ti, the sequence (tj) is 
bounded, and there is {9i) converging to 9 such that (pi{9i) — > 00. 

Theorem 1.2. Under the assumptions of Theorem \l.l\ let 

MX := {0 G M : < -ai{9)/a2{9) < 1}. 
Then there is 6 > such that for any 9 G there exists a unique -curve 

{0<H<6}B (t^fi), /(/X, •)) G (5, 1 + 5) X C^'^'iS^), 
such that as ^ ^ 



a2{9) 



and •) solves (|1.5|) for t = t^{fi) and blows up like 

||7^e(/(/i,x)) - (1 + t^(/i)fc(6'))"3z^_o(x)||j,i,2(K3)nc2(Bi(o)) = 
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The curves are unique, in the sense that, if (tj, ipi) G {5,1 + 5) x C2'"(S'^) 
blow up at some 9 £ then 6 G and there is a sequence of positive 
numbers (fii) converging to zero such that {ti,ipi) = {t^{jj,i),ip^{jj,i,-)) for all 
but finitely many z G N. 

Hence, for Morse functions we obtain 

Corollary 1.3. Suppose l + A; G C^{S^) is a positive Morse function. There 
exists 5o > 0, such that for any < 5 < 5o the solutions of (|1.5j) are 
uniformly bounded for t £ [5,1 + 5], if and only if = 0. 

For 9 G M with ai{9) = there is always the trivial curve of solutions, 

/X ^ (0, {ney'z^^o) G M X C72'"(S3), 

which blow up at as ^ 0. In order to find a nontrivial curve, i.e. 
t{fi) G M \ {0}, we need to consider 

a3{9) := ^(^D^keiO)y'v{Ake{0)) ■ £^ (vA:e(x) - r|fc^,o(^)) 1^1"' 

+ ^{D'ke{0)y\{Akom • (f (ko{x)-Tl,{x))^ (1.8) 

" Jjj3 \ / \X\ 



where we abbreviate the mth Taylor polynomial of /c in y by 

m ^ 

e=o 

Theorem 1.4. Under the assumptions of Theorem 11.11 suppose k G C^{S^) 
and let 

Mg* -.= {9 £M : ai{9) = and as{9) / 0}. 
Then there is 5 > such that for any 9 G Mq there exists a unique -curve 

{0<l^<5}3i^^ (t(/x), v9(/i, •)) G {{-5, l + 5)\ {0}) X C^'''{S''), 
such that as ^ 

a2{9) 

and (p{fi, ■) solves H1.5|) for t = t{fx) and blows up like 

\\ne{(p{fi,x)) - z^,o(2;)||Bi,2(iR3)nc2(Bi{o)) = 0{fi'^). 

The curve is unique, in the sense that, if {ti,ipi) G [{—5,1 + 5) \ {0}) x 
C'^'°{S^) blow up at 9 £ Mq then there is a sequence of positive numbers 
(fj-i) converging to zero such that {ti,(pi) = {t{iJ,i),ip{iii,-)) for all but finitely 
many i G N. 

To illustrate our results we give an example. Suppose kg is given by 

kg{x) = 1+ ,\ , ^ + 



(l + |x|2)2 (l + |x|2)3V (1 + |2;|2) (l + |x|2) 
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Then 1 + tkg{x) is strictly positive for all t > 0, if 6 > and a < 3, and 
Ake{0) = and Vkg{0) = VAke{0) = 0. Furthermore, 

ao(e) = -(35 - 486 + 5a), aUO) = 120(6 - 1), 

64 

a2{e) = 120(6 - 1) - 56, asiO) = 75^66 + la - ^) . 

Our results show: 9 is not a blow-up point, if ao(0) / 0, that is a 7^ —7+^6, 
or 02(6*) = 0, that is 6 = ||. Moreover, if ao{d) = and 02 (^) / then 
there is a curve of solutions {t{fi), (p{n, •)) which blow up at 6 such that 

t(/i) = 4^+o(/i3), if 6/1 

15 " 

%) = ^M + 0(/+3), if 6 = 1. 

We sketch the strategy of the proofs of our main results and outline the re- 
maining part of the paper. The transformation in (|1.3|) gives rise to a Hilbert 
space isomorphism between {{^'"^{S^) and 'D-'^'^(M^), where P-'^'^(M^) de- 
notes the closure of C^(M^) with respect to 

\\uf := / |Vup = (n,n). 

Due to elliptic regularity (see |^) and Harnack's inequality it is enough to 
find a weak nonnegative solution of (|1.H) in {{^'"^{S^), or of the equivalent 
equation. Although we take advantage of both formulations, we mainly con- 
sider ([1.2|) . We use a finite dimensional reduction of Melnikov type developed 
in [Ulifand find solutions of as critical points of ft : ^^'^(M^) M, 
where 

If ^ N -2 f 2N 

ft{u):=- |Vn|2-— — / [l + tk{x))\u\—2. 

For t = the functional /o possesses, as seen above, a + 1 dimensional 
manifold of critical points Z. To setup the finite dimensional reduction 
we need to analyze Z and the spectrum of /q (2) in detail, which is done 
for all > 3 in Section |2j For the rest of the paper we will only deal 
with the case N = 3. In Section |21 we recall without proof that if A^ = 3 
a sequence of solutions to (|1.5j) can only blow-up in a single point (see 
and fit this result into our framework. Section ^contains the finite 
dimensional reduction of our problem. In contrast to where the reduction 
is performed for small t, we show that a finite dimensional reduction of H1.6|l 
for large t is still possible. We end up with a function a : C7 ^ R^, where 
U C M X Z , such that the zeros of a{t, ■) correspond to solutions of ()1.6|1 
with large norm. We recall that Z is parametrized by and y. Now, 
to construct or to rule out blow-up sequences it is enough to construct 
or exclude zeros of a{t, •) for small /i. To this end we need to expand 
a up to order 5 in /i and to compute derivatives of a, which is done in 
Sections and [51 We see that 9 can only be a blow-up point if 'Vk(9) = 
and AkQ{0) = 0. In Section El we finally obtain under the assumptions of 
Theorems II. 11 - nTD that there are {ti,(pi) which blow up at 9 if and only if 
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Vk{9) = 0, Akg{0) = 0, and there exist positive (/ij) converging to such 
that 

= ao{e) + ^l^{a^{e) + tMe)) + fi^.a^iO) + 0(ti/xj+^ + ^'+^). 

This gives our main results, which are stated and proved in Section d 
In a subsequent paper we use the above a priori estimates and compute 
under the assumptions of Theorem 11.11 the Leray-Schauder degree d of the 
problem (|1.5)1 . We show that if M* = and A; is a Morse function then, 

6»GCrit(fc)~ 



where 



Crit(A;)- := {6 € : Vk{e) = and 

lim sgn(A/ce(0) +oo(6')/i + ai(6')/i2) = -l}, 

/i— ►0+ 

generalizing the existence result in 

Our approach yields information about blow-up sequences as precise as we 
want, that is of any order in /i or y. For instance it is possible to compute the 
term of order /i^, which is of interest when a^^O) is zero. But the necessary 
computations and terms, as may already be seen in the expansion of order 
5, are getting rather bulky. In higher dimensions > 4 solutions may blow 
up in more than one point and our method, which still applies with minor 
changes to > 4, will only give information about "one bubble" blow-up. 

2. Preliminaries 
We define for ^ > and y the maps U^,, Ty : ^^'^(M^) ^ 



by 



N — 2 / • \ 

U^{u) := fi —u\^-j and Ty{u) := u{- - y). 



With this notation the critical manifold Z is given by 

Z = {z^^y = TyoU^{zi^Q) : y G M^, /X > 0}. 

It is easy to check that the dilation and the translation Ty conserve the 
norms II and the L^'-Norm || • lb*, where 2* := 2iV/(iV - 2). Thus for 
every /_f > and y G 

{U^r^ = {U^f = C/^-i, {Ty)-^ = {Tyf = r.y, aud ^2 

fo = fo°l^ii = fo°%j 

where (•)* denotes the adjoint. Twice differentiating the identities for /o in 
(HU) yields 

/^'(z;) = {TyoU,,r^ o f^{TyoU,,{v)) o {Ty oU^) G ^^'^(M^). (2.2) 

Moreover, we see that U{fj,,y,z) := Ty oUfj_{z) maps (0, cx)) X X Z into 
Z, hence 

dU 

— {fi, y, z)=TyoU^: T,Z Tr^^u^(z)Z and 



The tangent space T^^ sX a, point z^^y G Z is spanned by + 1 orthonor' 
mal functions ^ 



Tz,.yZ={t^^y : i = 0...iV), 

where ^ denotes for i = the normahzed tangent vector -j^z^^y and for 
1 < i < N the normahzed tangent vector -£pz^^y = —-^Zfj,^y. By ()2.3p we 
obtain 

An exphcit calculation gives for 1 < i < iV 

(ei,0)i = Tl(l + |x|2)-TXi, - ^ ^ 



7r^/2r(2 + iV/2)A^' 
For i = we find 

■ i2^-^^ 2 \ 2 (iv + i)r(iv) 

(6,0)0 = ro(l + |x| ) ^ - (TTm ^ "° " vr^/2r(iV/2)iV(iV + 2) • 

Using the canonical identification of the Hilbert space 2?i'2(]R^) with its 
dual induced by the scalar-product we shall consider fl{u) as an element of 
pi'2(]^7V) and fl'{u) as one of C{V^''^{R^)). With this identification //'(n) 
is of the form identity — compact (see 0]) and hence a Fredholm operator 
of index zero. 

Since fo{z^^y) is a self-adjoint, compact perturbation of the identity map 
in 'D^''^{'K^), its spectrum cr{fQ (Zf^^y)) consists of point-spectrum, possibly 
accumulating at 1. We fix A G o"(/o (-^^^t,?/)) and a corresponding eigenfunction 
u. Then u solves 

-Au-^±^zl'~^u = X{-Au). (2.4) 
We expand u in spherical harmonics with center y 

00 Ci 

i=0 1=1 

where 

Vi,i{r)= [ u{y + rm,md^^ := " ^ + fN-3 + i 



N -I J \ N -I 

and {5^,;} denote a L2(S'^~^)-basis of (real valued) spherical harmonics 
satisfying for all i G No and 1 < / < Cj 

-/\^N-iYi^i = i{N + i-2)Y,^i. 

There is a freedom in choosing such a L^-basis and because the cases i = 1, 2 
will be of special interest in the sequel we fix the basis- vectors in these cases. 
We set for i = 1 and 1 < / < iV 
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For i = 2 we introduce a more convenient notation and write 

f ^ \ ^"^^^ 1-2 

^UhM[j^) ■-[r(2 + N/2)) '''' 

'V2xi^xi^ ifl<li<l2<N 

(2.6) 

Since u solves (|2.4|) the functions satisfy for i G No and 1 < ^ < Q 

,, N-l , iiN + i-2) N + 2 2*-2 

-^M - + = (Ar-2)(1-A) "^'°" ^^''^ 

Making the transformation 

JV-2 

v{r) = r 2 C(ln/i + lnr), 
we obtain the equation for i G Nq and 1 < / < c, 

_C,/' - ^(|^ c„.h-(*)(,,, = (- -.(N,.- 2)) (,,,. 

Using the results in 0, p. 74] or as in we find 

iV(iV + 2) 



^ ((iV + i) + 2(i + j-l))2-l- 
The corresponding eigenfunction is given by 

V^,j(t) := (1 - tanh(t)2)^^^p]'^-'^»)(tanh(t)), 

where 'pj'^''^^ denotes the Jacobi polynomial defined in ()A.1|) and is given 



by 



- 2 



Consequently, o'(/o = {K,j '■ i^j^ No} and the eigenspace of the 

eigenvalue Xij has dimension q and is spanned by, (/ = 1 . . . Cj) 



(1-2(1 + |x|2)-i)y,,,(^) 

where the a^j- are given by 

2 2(A-l + 2(i + j))j!r(jV-l + 2i + j) 

""iJ • (Ar_2 + 2(i + j))(iV + 2(i + j))r(iV/2 + i + i)2 

to assure that the are orthonormal. Since Z is a manifold of critical 
points of /q, the tangent space T^Z at a point z S Z is contained in the 
kernel N{fQ{z)) of /q (-z)- As Ajj = if and only if i + j = 1, the dimension 
of N{f(^{z)) is iV + 1, which imphes that 

T,Z = N{f(^{z)) for all z £ Z. (2.8) 



(2.7) 



More precisely, we have 

^1,0,^ = i',,y for / = 1, . . . , iV and ^^,1, = (2.9) 

If (|2.8j) holds the critical manifold Z is called non-degenerate (see 0]) and 
the self-adjoint Fredholm operator /g (2;) maps the space pi'2(]R^) intoT^Z^ 
and is invertible in C{TzZ^). From (|2.2)) and (|2.3j) . we obtain in this case 

ll(io'(^l,o))"i£(T.,,„ZX) = ll(/o (^))''ll£{T.ZX) Vz G Z. (2.10) 

3. Blow up analysis 
Let {Ki) e C^(5^) satisfy for some Aq 

^0 ^ < Ki{x) < Ao and \\VKi\\^ < ^o- (3.1) 
We have the following result (see [l^. Ell|) 

Theorem 3.1. Suppose (Ki) G C'^{S^) satisfies (EH) and (ifi) G C'^{S^) 
solves (ll.lj) with N = 3. Then after passing to a subsequence either {ipi) is 
uniformly hounded in L°°{S^) and hence in C^'"(S''^) by elliptic regularity 
or [ipi) has precisely one isolated simple blow-up point 0, i.e. there exists a 
sequence {9i) of maxima of ipi converging to some 6 G and C = C{Ao) 
such that ifi{9i) — > +00 and in geodesic normal coordinates about 9i given 
by expg.(-) 



X 



<i-\ 



C2.«({|z|<3j}) 



^,{9i) V 24 

ipi{x) < Cipi{9i)~^distsi{x,9i)~^ for dists:i{x,9i) > iipi{9iy^. 

We need a slightly different version of this result. 

Corollary 3.2. Under the assumptions of Theorem Vj. 1\ the sequence (ipi) £ 
C^(5'^) is, after passing to a subsequence, either uniformly bounded in C^'"^ 
or there exist 9 £ and sequences (ni) G (0, 00), (y,j) G satisfying 

lim Hi = 0, lim yi = 0, 



->oo J— >oo 



such that in stereographic coordinates Sg{-) about 9 the function Ui defined 
by the transformation ()1.3() satisfies 

Ui - 64 [Ki o Seiyi)) '^z^j^^^y^ is orthogonal to T^^^^y^Z, (3.2) 

1 „! 

\\ui - [Ki o Se{yi)) ^ z^^^y^Wj^i^i^M.^) = oao{'^)- (3.3) 

To prove the corollary we first need the following lemma, which is an easy 
consequence of Theorem 13.11 

Lemma 3.3. Under the assumptions of Theorem the sequence {ipi) G 
C'^{S'^) is, after passing to a subsequence, either uniformly bounded in C^'" 
or there exists a sequence {9i) of maxima of fi converging to some 9 £ 
and such that <pi{9i) — > +00 and in stereographic coordinates Sg{-) using the 
transformation ()1.3() 

||ui - 6^Ki{9i)-hi,^^y^{x)\\j,i,2(^^3^ = OAo(l), 
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where //j ^ and yi ^ are given by 

:= S^HOi), in := (6/7^,(0^)) 

Proof of Corollary From Lemma 13.31 we infer that there are 9 S^, 
(/Ij), and (yj) such that 

IJ-i + \yi\ + \\ui - 63 (^Ki oSe{yi)^ Zij^^y^\\Di,2(^3) = o^o(l). 
For i fixed, consider 

di := inf lluj - 6^ (^Ki o Sg{yi)^ *^M,ylli)i.2(R3)- 
Clearly di = Oyig(l) and therefore di is attained at Hi,yi and 

Ui - 63 (^Ki o Sg{yi)^ Zf,.^y^ is orthogonal to T^^,^^, Z. 

Since z^^^y■ is orthogonal to T^^. y.Z relation (|3.2j) follows. To prove rest of 
the claim we need to estimate \yi — yi\ and \iii — fii\. To this end we observe 
that by construction 

OAo(l) = - ^/I„27J|X)1>2(R3) = \\z^l,/^,,,y,-y, " ^1,o||d1.2( 



Since 



^lim ~ ^;i,o||^i,2™3) — 2||2;i^o|lx)i.2 



we see that there is Ri = Ri{Aq) > such that 

(-Ri)"^ < l^i/fJ'i < Ri and \yi-yi\ < Ri- 
Now by explicit calculations or elliptic regularity 0| we have 



max < \yi - yi 



IM _ ^ 



< const{Ao)\\z^^y._y^ - zi,o||di,2(ir3) = oao{1) 



which gives the claim. □ 

4. Expansion of the perturbation terms w and q 

For the rest of the paper we will only treat the case = 3. Unless oth- 
erwise indicated, integration extends over and is done with respect to 
the variable x. Moreover, we will write k instead of kg when there is no 
possibility of confusion to avoid cumbrous subindexing . 
From the change of coordinates x fix + y, Holder's and Sobolev's inequal- 
ity we get 

Lemma 4.1. Let y G M^, r > and /, r : — > M measurable such that 

\r{x)\ < Cr\x - y\'' in Bi{y), \r{x)\ <Cr\x-yf inW^\Bi{y), 

\f{x)\ < Cr\x\-' in Bi{0), |/(x)| < Cr\x\-"' in \ Bi{0), 

for some Cr,m,s > and < a,a. Then there is C = C{T,Cr) > such 
that for v,vi,V2 G ^^'^(IR^).- 

For 0<fj,(T<m — 3 — T and s + t < 3 + a there holds 

I I r(x)/i-V(^)|<C(x(o,i](^K + X{i,oo)a*)(/^^-' + /)), 
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ifO<a,a<m— ^ — T and s + r < a + | then 

II / ^/(^) J^i,2(iR3) <c'(x(o,i](/"K + x(i,oc)(^)(/u'"^+/)), 

ifO<a,a<m — 2 — T and s + t < a + 2 then 



sup II / r{x)ii ^/( 

\\v\\<l J \ fx J 



< 



.s-2 



if < a,a < m — ^ — T and s + r < o" + | then we have 



sup II / r{x)fl 2f( ^\y-^y^ . 

Ibl||,lb2||<l J V /i / 



< 



<^(X(0,l](/^)/"'' + X(l,oc)(/^)(/^' ^ +/)). 



Using the above estimates we may prove the main ingredient for the finite 
dimensional reduction. 

Lemma 4.2. Suppose k £ C^(M^) and there are Aq,Bq,Bi > such that 
max(5o,Si, sup ||L>"'A;||oo) < Aq and 

\m\<5 

< l + tk{x) y{x,t) G X [-Bo,Bi]. 

Then there exist po = po{Aq) > 0, to = to(^o) > 0, an upper continuous 
function /zq : K — > R+ U {oo}, depending only on Aq, and two functions 
w-.n^ pi'2(M3) andd-.n^ R'^, where 

n := {{t,p,y) G [-Bo,Bi] x (0, +cx)) x . o < ^ < po{t)}, 

fio{t) = +00 i/|t| < to, 

such that for any {t, fi,y) G Q 

w{t,ij,,y) is orthogonal to T^^yZ (4.1) 
ft {zt^,y + w{t,p,y)) = a{t, p,y) ■ i^^y G T^^ ^ Z (4.2) 
\\w{t,p,y) - WQ{t,p,y)\\ + ||a(t,;u,y)|| < po, (4.3) 

where {C^i^y '■ « = . . . 3} denotes the orthonormal basis ofTz^^Z given in 
(trill) and' 

Wo{t,p,y) := ((1 +tk{y)y^ - 

The functions w and a are of class and unique in the sense that if 
{v,P) satisfies (|4.1j) - (|4.3|) for some {t,fj,,y) G then {v,(3) is given by 
{w{t, ji, y), d{t, p, y)). Moreover, we have for 1 < j < 3 

2 2 

\\w{t,p,y) - ^Wi{t,ii,y)\\ + ||a(t,/i,y)o - ^ ai(t, y)o|| 

1=0 1=1 

< Oa, (t(|Vfc(y)|2 min(l, f?) + min(l, //!))) , (4.4) 



\a{t,p,y)j - ^ai{t,p,y)j\\ < O^o (i min(l, /i4 )) , 



i=l 
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where 

ai{t,fi,y) := -t min(l, + tA;(y))-t ( ^ ,, 

a2it,fi,y) := -tminil, + tkiy))-^i ^^(^''^^A . 

34V5V J 

and 

wi{t,l^,y) ■■= tmm(l,/i)(l + tk{y))~^ Ty oU^{wi{y)) , 
My) ■■=^^\ j Vk{y)x{zi,of-), 

My) ■■=^^W j D^k{y)x\z^,,f.), 

The operator G C{V^^'^{m?),T^^,,Z^) is defined by 

■= (/o (^i,o)lT,, oZi)"^ ° Projr.^ ^z^- 
Proof. Define F : M x (0, cx)) x x V^'^{R^) x ^ V^'^{R^) x 
H{t, fi, y, w, a) := (//(z^.y + - a • ((w^, (Cm,s/)«))0 • 
If H{t,fj,,y,w,a) = (0,0) then w satisfies (gU-dOI. We liave 

^ d{wa) ^' ")) = (/t"(^M,y + ^)'/5-/3^A',^/'((v>(^M,y)^))^)• 
(4.5) 

Note that 

From (|2.10|) and (|4.6() we infer that (a^^(0, /U, y, 0, 0)) is an injective Fred- 
holm operator of index zero, hence invertible and 



-^(0,/x,y,0,0) 



< 



d{w^ a) - ^' - "V ^ + 11(^0 (^.,.))-^ =: a. (4.7) 

Clearly, H{t, fi,y,w, a) = (0,0) if and only if (w,a) = Ft,^^y{w,a), where 

dH ^ 



Ft,f,,yiw, a) := - (^ ^^^ g^ (0, ^, y, 0, 0)J if(t, ^, y, -w, a) + (u), a). 

We will prove that Ft^fj,_y{w,a) is a contraction in some ball 

,2 2 
-Bp ( X] m t^' 2/) 

^ i=0 1=1 

for any radius p such that 

Oao (t{\Vk{y)\ min(l, /i^) + min(l, /i^+i))) < p < po, 
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where po = Poi^o) will be chosen later. 

To this end we fix p > and {w, a) £ Bp{0, 0). In the sequel we will suppress 
the dependence of Oj and Wi on t, ji and y. From ()4.7() and Sobolev's 
inequality 



^ 2 2 2 2 

-^\\Ft^f,^y{w + ^Wi,a + ^ai) - {^Wi,^ai 

* j=0 i=l i=Q i=l 

2 2 

< \\f't{z^,,y + w + Y^Wi) -Y^ai- if,,y - /o ( 

i=0 4=1 
2 2 „ 

^ \\{Zf^,y + ^Wi-^ai- i^^y,-) - 5 / {Zf,,y)'^w- 

i=0 i=l ■' 

- y (1 + tk{x)) ( ^ (^^^ + Z«o)^"'(w^l + W^2 + 



+ OAo(lkl+W^2+^i'f ). (4.8) 
Obviously, (1 + tk{y)){zp^y + wq)'^ = (z^^y)^ and 

5, 



{zi,^y + wo,f) = j {l + tk{y)){z^^y + WQf^. (4.9) 
Inserting this in 1)4. 8() and using Lemma l4.ll we get 

^ 2 2 2 2 

-^\\Ft^^,,y{w + ^Wi,a + ^ai) - {^Wi,^ai)\\ 

* 1=0 i=l j=0 i=l 

< ll/o (2m,j/)(^i + ^2) - ((ai + 02) • i^l,y, ■) 
-t [{k{x)-k{y)){Zf,^y + wof -W 



+ Oao (i'd Vfc(y)| min(l, p^) + min(l, p^)) 
+ OAo(tmin(l,/x)||'u;|| + H^f^ (4.10) 
From (|2.1j) - l|2.3j) and the definition of wi and W2 we infer 
fdizi,,y)wi = imin(l,/i~^)Projr^^^^±( j Vk{y){x - y){Zf,^y + wof • ), 
foizi^,y)w2 = imin(l,/i-2)Proj5n^^^^x( j ^D^k{y){x - yfiz^^y + wof 

To find ai and a2 we observe that since {(,^,y)o is even and (C^,j/)i is odd for 
1 < i < 3 we have 

Vk{y){x - y){Zf,,y + Wof{it^,y)o = 0, 

j ^D''k{y){x - y)\zf,,y + wof{if,,y)i = for 1 < i < 3. 
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For 1 < i < 3 we get from ()A.4|) - (|A.7|) 

Vk{y){x - y){z^,y + wof{i^,y)i = fi^^il + tk{y))--* ^{y). 
For i = we get 

ii?2fc(y)(x - y)2(z^,j^ + WQf{i^^y)i = + tk{y))--i/\k{y). 

^ 34 v5 

Finally, we obtain 

/o + w^2) - (ai + 02) • ^M.y 

f=i 

which implies together with (|4.1()|) and Lemma l4.ll 

^ 2222 

* i=0 j=l i=0 i=l 

< Oao (^(|Vfc(y)| min(l, + min(l, ^^+1; 

+ OAoftmin(l,/x)||'«;|| + ). (4.12) 



Consequently, if we fix < po < 1/4 we obtain functions /Uq and to depending 
on po and such that F^^^^j, maps -Bp(X]i=o Si=i "^O itself for every 
(t, fj,,y) £ and p > satisfying 

const(^o,Po)|i|(|Vfc(2/)|min(l,p2) +min(l,p2+i)) < p < po- (4.13) 

To show that is a contraction we fix p > and two vectors {vi , /3i ) 

and {v2,P2) in -Bp(0, 0). Then using Lemma lO and 1)4. 7|) 

2 2 ^ 2 2 ^ 

+ fl, I] «i + Pi) - ^t,fi,yiYl + ^2, E + /?2)| 
i=0 j=l i=0 i=l 



C4{vi,(3i)-{V2,P: 



'2 



< 



1 2 







+ 2^^«i + + s{v2 - vi)) - fo{Zf,^y)\\ ds 

i=0 

< [ \\fi'{z^^y + Wo) - f[;{z^,y)\\ds + OAo{p+\\wi+W2\\) 

Jo 

< OAo(p + imin(l,p)). 

Thus we have shown that there are po > and two function po and 
depending only on Aq, as claimed above, such that is a contraction in 

BpiYli=o "'i' Si=i fo'^ ^'^^^y l^^y) and p > satisfying (|4.13p . 
From Banach's fixed-point theorem we deduce the existence and uniqueness 
of the functions w and a. The usual inverse function theorem yields the 
dependence. The estimates in (|4.4() hold due to the uniqueness of the 
fixed-point and because i*t,/x,y is a contraction for every p > satisfying 

(mni). ' ' □ 
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We need a precise expansion of w and a in critical points y of A: in terms 
of /i and t. This will be done up to order 5 in fi. We later see that we may 
assume \Vk{y)\ to be of order 0{fj,^). First we compute W2{y) in terms of 
the eigenfunctions of /q (zi^o)- 

Lemma 4.3. Under the assumptions of Lemma \4.^ we have 

"^'"'^ — g TUTS) 

3 

l<«<m<3 1=2 

where we use the basis defined in ()2.6|) . (|2.7p and 

^=7f^^^l ^> 

Proof. To prove the claim we observe that if 
then ()2.7() implies 



Ci 



W2( 



(y)= E ET^<^r (4-14) 



(4.15) 



To this end we note that in the basis given in (|2.6() 

1=2 

+ E ^l,m{y)Y2,{l,m){x). 
l<l<m<3 

Consequently, 

My) e i'^l'li^Kli : J e No, 1 < / < C2). 

Using ()A.1|) - ()A.7|) we find for n = (1,1) or n = {l,m) 

Now, the claim follows from (|4.14|) and l|4.15|) . □ 
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Remark 4.4. Under the assumptions of Lemma \4.^ an explicit calculation 
together with ()4.4|) yields for {t, fi, y) £ where we suppress the dependence 
of w and a on {t, fi, y), 

fti^i^^y + w)(p = fo{Zf,^y)Lp -bt j {k{x) - k{y)){z^^y + Wo)'^ip- 

- 20 + tk{x)){z^^y + wof{w - wo)ip- 

- 30 y"(l + tk{x)){z^^y + wof{w - wofif- 

+ t^OAM^k{y)f min(l, /x^) + min(l, ^^^^^ (4_;Lg) 
which implies by Lemma \4-1\ 

\\fl'{z^,y+w)-f[;{z^^y)\\ < |t|OA„(|V%)|min(l,/i)+min(l,/.i)). 
Consequently, from (|4.5() . after decreasing fiQ and to if necessary, 



dH , dH , 

-it, /i, y, w, a) - — ^-(0, fi, y, 0, 0) 



d{w,d) ' ' ' ' d{w,d) 

Thus we may assume ^^^^{t, fx,y,w,a) is invertible and its inverse is uni- 
formly bounded with respect to {t,fi,y) £ 0. 

We begin the expansion of a by computing the third order term. 

Lemma 4.5. Under the assumptions of Lemma \4-^ we have as fx ^ 

3 

\\a{t,n,y) - ^aj{t,fi,y)\\ =tOAo{fJ'^^'^ + \yk{y)\^fi^), 
where ai, 0.2 are defined in Lemma\4-^ and is given by 



a3(i,A^,y)* := -tfi^^-^il+tk{y))-^i—Ak{y), 



for i = 1 . . .3 and 

,3 



,5 334 r , . „c, . .X 1 



a3{t, fi, y)o := -^^^(1 + tk{y)) 2 jj [k{x + y) - r|(.+^) ^(x)) 

Proof. In the sequel we will suppress the dependence of w and a on t, fx and 
y, when there is no possibility of confusion. Moreover, we always assume 
< /i < 1. 

As in Lemma 14.21 we infer from Lemma 14. H (|4.9|) , and the definition of wi 



ft{zt^,y + w) = foiz^^y){w -wo)-t j {k{x) - k{y)) {z^^y + wof- 

- 5t y {k{x) - Tly{x)) {z^^y + wo)'^{w -WQ-wi)- 

- 10/(1 + -wo- ..O^- 

+ t^O/i.d vi-fe)! V' + WKy)\i'' + f (1-17) 
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As flizfj,^y + w)- aiij,^y = and (C^.y)* ^ ^{foi^fi,y)) we obtain from (|4.11jl 
and testing (|4.17|) with 

(a - ^ Oj) . = / {Hx) - Tly{x)) {z^^y + WQf{i^^y)i 

- 5t / - Tly{x)) {Zf^^y + t/;o)'^(w^ -Wo- wi){i^^y)i 



- 10 y (1 + + 'Wofiw -Wo- Wif{(,^^y)i 

+ t20^„(|VA;(y)|V' + \Vkiy)\f,' + fi^). (4.18) 
By Lemma l4. II and l4. 21 we have for < i < 3 

{k{x) - Tly{x)) {z^^y + wof{w -Wo- wi){i^^y)i = OAoitf^^^^), 

(4.19) 

(1 + tk{x)){z^^y + wof{w - Wo- wif{i^^y)i = OAoitfJ.^). 
If 1 < i < 3 then we obtain from Lemma l4. II 
{k{x)-Tly{x)) {z^,y + wof{if,,y)i 



-D^k{y){x - yf {z^,y + wof{i^,,y)i + 0^o(/i3+5), 



and from (IA.9I 



j \D^k{y){x - yf {z,,y + Wo)M,,y)i = /^'^(l + tk{y)r'^ ^Akiy). 

(4.20) 

Hence, the assertion of the lemma for 1 < i < 3 follows from (|4. 18^ - 1)4. 20p . 
To treat the remaining case i = we use the fact that D^k{y){xf is odd 
and get 



(4.21) 



{k{x)-Tf.y{x)) {Zf,^y+Wo) {^^,y)o 

Bi{y) 

{kix) - Tly(x)) {z^^y + Wof{i^,y)o 



Bi{y) 

Since, by Lemma l4.H 



\kix) - Tly{x)\fi-Hl + fi-^\x - yp)-4 = Oao(/), 
there holds after a translation x — > x + y 

{k{x)-T'i^y{x)) {Z^^y+Wofi^,^ 

314^3 r (^k{x + y)-Tl^,^y^/x)) 



Bi{y) 



7TV5il+tkiy)f ^^^^^ 



! J (/.2 + |xP)3 + OAo(/.). 
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Prom 

and Lemma l4.H we infer 

f \kix + y)- T4+^) I + |3,|2)3 _ |^|-6| ^ (4 

Hence, 

{k{x) - Tly{x)) {Z^^y + WQf{i^^y)Q 

= j!^^' { I {Hx + y)- t4+,),o(^)) 

TTV5{l + tk{y))^ \Jbi{o) ^ 

I (A;(x + y)-r2( ) (x))|xrM +0^„(/) 

iR3\Bi(0) / 

3 

= ^/^'(i + t^y))-^ ^ + y)- ^4+,),o(^)) ^ + (/^'), 

which ends the proof. □ 
Remark 4.6. From Lemma \4-S\ (j4.17j) . anc? (|4.18|) ife see t/iai 

7-a(t,/x,y) 

is a well defined, continuous function for (t, fj.,y) £ fi. 

Lemma 4.7. Under the assumptions of Lemma\J^we have as fx ^ 



\a{t,fi,y) - ^aj(t,^,y)| = tOyio (/^^"^ ^ ) 
j=i 

+ t^OAo (/^'|VA;(y)P + ^='|VA:(y)| + /|Afc(y)| + 
where for 1 < i < 3 

3 

and 

3 ^ 

Mt, y)o = tfi\l + tk{y))-'^^^^A^k{y) 

33^/5 , 



tV(l + t%r^^(/ \D'k{y){xf\'). 



Proof. We proceed as in Lemma 14.51 and suppress the dependence of w and 
Q on t, /i, and y. From Lemmas 14. II and 14.21 we have for < i < 3 

-5t y (A;(x) - Tlyix)) {z^^y + wq)'^{w - wq - wi){i^^y)i 
1 



5t I ^D^k{y){x-yf{z^,y + wofw2{i^,y)i + t'OA,{fJ^^^-*). 



(4.23) 
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Furthermore, 

-10/(l+*.(x))(.,, + .„)'(„-»„-»,ftU. 

= -10 J{l+tk{y)){z^_„+wo)Hf2)HLy)i + t'OA,(l'''*i)- (4.24) 

Case 1 < i < 3: Since W2 is even and {£,fj,,y)i is odd for 1 < i < 3 the 
integrals in H4.23() - H4.24() vanish. Thus, from (|4.18|) and the definition of 03 
we get 



tfi^ 33 8 f {Hx + y)- Tl^^.+y)fl{x))xi 



{1 + tk{y))^ ttVb J (/i2 + |x|2)4 



Since D'^k{y){x)^ is even we may proceed analogously as in H4.21() and prove 
the claim of the lemma if 1 < i < 3. 

Case i = 0: From KT^ . the definition of as, KTIh . K7^ - K7^ . and the 

fact that D^k{y){x)^ is odd, we arrive at 



(a — ai — Q?2 — 03)0 

'"(Mx + y)-r4+s/),o(^)) 



ttV5{1 + tk{y))' 



3 


fl 1 


r'+3i 


X 

fl 




X 1 


-6 


^3(1+1 


X 

11 


2<j3 



+ 



5t I ^D^k{y){x - y)'^ {z^^y + wo)^W2{i^,y)o 



- 10 y (1 + tk{y)){Zf,,y + wor{w2r{^^,,y)o 

+ t^OAo (|Vfc(y)|2/.2 + \Vk{y)\fi' + /i^+i). (4.25) 
From Lemma 1331 (|A.6|) . and (|A.10|) we get 



24 

For the second term in ()4.25p we obtain from Lemmas 14.21 and 14.31 
1 



-5t I ^D^k{y){x-yf{z^^y + wo)^W2{i^,,y)o 

'"'^'''^ ^ ]D'k{y){xfMy) (1 + kP)-t (1 - . 



7r(l+tA;(y)) 
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Moreover, from Lemma ()4.15|) . and HA.12|) 

J ^D^k{y)ix)^W2{y){l + (1 - 2(1 + 



4 

{3 + j)j\ p r6 / 2 \^(|,f)/, 2 



l</<m<3 1=2 

oo 

X 



2 



oo 



2 + 6j + j 

X 



(5 + j)(4+j)(2+j)(l+i) 



5 



0^„(|AMy)|) + T^( / \D'k{y){xf\'). (4.26) 



For the remaining term in (|4.25|) we derive 
-10 / (l + t/c(y))(z^,j, + i(;o)2(u;2)^(eM,y)o 



tV' 334 



-10--f— /(l + kP)-^ l-j^)(^2(?/))^ 



By Lemma l4 .31 (|4.26|) . and we have with (5j := ' 

/(i + NV(i-^)(-2(.))^ 



5 

0^„(|A%)|) + i( / |l)2fc(y)(xr'''^''' 



dBiiO) 



16 

/■oo , O \ / °° ,5 5^ 

/ '■=(i + ''V(i-Y^)(Eft^]'"' 



1 + r" 



5 



( / |D2^(y)(x)2|2):^ +0^^^(|Afc(y)|). (4.27) 



Combining the computations in (|4.25|) - (|4.27|) ends the proof. □ 



Lemma 4.8. Under the assumptions of Lemma \4-'A suppose k £ C^(M^) 
and 1 1 1?^ A; I loo < Aq. Then there holds 

5 

\\{d{t,n,y))o - Y{dj{t,fi,y))o\\ = OAoitfi^) 

+ t^OAo (^'|VA:(y)|2 + ^='|VA:(y)| + /|AA;(y)| + 



21 



where {a^^t, fi,y))Q is given by 

Proof. From the proof of Lemma 14.71 we infer 

4 r 3~4 

(a(t,/i,y))o - V(aj(t,/x,y))o = + iA;(?/))"3 — — 

5 + 6|f + 4|f + If 



4 



+ t^O^^ (/.2|VA;(y)|' + /i'|VMy)l + /I AA;(y)l + /+^) 
Since D^k{y){x)^ is odd, analogously as in Lemma 14.51 we find 
r ^1 5 -I- fil - 1 ~^ -I- 4l - 1 ~^ -I- 

4 

which ends the proof. □ 

5. Derivatives of d 

Lemma 5.1. Under the assumptions of Lemma \4.S\ we have for aU{t,fi,y) € 
with < 1 and 1 < i,J < 3 



t/j, dyj 3^V5 dxidxj 



1 da{t,fj.,y)o TT 5 5 

+ (1 + i—Ak{y) 



(5.1) 



<Oao(|V%)|V' + M^)- (5.2) 

Proof. In the sequel we will suppress the dependence of w and a on (t, /x, y). 
Since -ff (t, /x, y, ty, a) = we have 

dH _ dH /|f \ _ dH dw dH da 
dy d{w,d)\^J dw dy da. dy^ 

where 

— (t, ^^, y, w, a) = (/, {z,,y + w)^ - a ■ {{w, ^^)) J • (5-4) 

A direct calculation gives for < / < 3 

+ < const /i"^ (5.5) 

oyj oyj 
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Differentiating (^/i,^, {(,^^y)i) = leads to 

{Zf^,y^ Qy. )-{ Qy. A^^.,yU), 
and with (|4.4p and ()5.5|) we arrive at 



(5.6) 



By ()5.5() . the expansion of a in Lemma l4. 21 and H4.16p we see 

d^f^,y 



9yj 



+ 



a 



dyj 



<tOA,{\Vk{y)\+^l). (5.7) 



From H5.6|) - (|5.7|) we get 



dH 



d{w, a 



((l + tfc(y))-i-l) 



dyj 



+ ■7^{t,f^,y,w,a) 

oyj 



<tOA,{\yk{y)\+ii) 
which imphes due to the uniform bound of the inverse (see Remark I4.4() 





dd 


+ 


dyj 



<tOA,{\Vk{y)\+^l). (5.8) 



From H4.5P and 1)5. 3(1 - (|5.4() we deduce after testing with (.^^ 



5yi 



i=0 



d{iti,y)l 
dyi 



' (.^^J■,y)j)• 
(5.9) 



From Lemma lO (|^ . and the fact that {if,,y)j G N{f'^{z^^y)) we 

obtain 



5t 



(l + tfe(y)) 



j:ii^^fc(,)(x-,)^)(.,,,)^(^)(e,,,), 



9yi 



20 l{z^^yf{w-wo){^){if.,y), 



+ Oao {tfi^^-* + t'(|Vfc(y)| V + |VA:(y)|^5 + ,^^+1)) (5.10) 
Differentiating the identity fQ{z^^y){^^^y)j = with respect to yi leads to 

= fl^'iz,,y){^){^,,y), + /^(^.,.)(^%f^), 
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and we get from Lemma UTTl (|4.2() . and (|4.17|1 



1=0 



dyi ■ 



1=1 



dyi 



+ tOA,(/i|Vfc(y)p+;x2+i)_ 
Differentiating {{ifi^y)u {^^l,y)j) = const with respect to yi we obtain 



( 



Inserting the above computations in (|5.1()|1 and (|5.9j) leads to 

3 



ddj t 
dyi (1 + tk{y)) 



+ tOAo(|Vfc(y)|V + /^'+^)- 

As ^z^,^y{x) = -£-z^,y{x) and = -£-{i^,,y)j{x) we obtain 

by partial integration 

3 

/ ( E^^'M2/)(x - yY) A 



3 



The latter integral may be evaluated as in Lemma 14.21 and yields the claim. 

□ 

Lemma 5.2. Under the assumptions of Lemma \5.1\ we have 

2 _» 2 

dw dwi da ddi ^ . mo 9 o^In /^.-n 

+ 7)7-E7^ =Oao(|V%)|V + /^^+^). (5.11) 

i=0 



1=1 



Proof. In the sequel we will suppress the dependence of w and a on (t, /x, y). 
Since //(t, /x, y, w,a) = we have 



dH 
'~dt 



dH 



{t,ij,,y,w,d) 



d{w, a) 



dw 
dt 
dd 

{t,fj.,y,w,d) \ dt 



(5.12) 
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Differentiating the identities 

fo{z^l,y + wo) = t j k{y){z^.y + wof-, 

2 2 2 ^ 

i=l i=l 1=1 

with respect to t leads to 
2 „ 2 



2 

+ 5* / ( E - y)') (^M,. + ^o)^^ • . (5.13) 



Furthermore, we note that 



^ = -^(l + t%))-^(^M,. + -o). (5.14) 

For ^ = Oao(/U*) as /X ^ we get from Lemma Ell (BTTHll . (fO^ll . and 
(EH 



2 



ft (^m,s/ + ^) ol ^M.y 



i=0 



+ 5y A;(y)(z^,j, + i(;o)^w;-t/;o) • +iOA, (I VA:(y)| + • (5.15) 
Moreover, by Lemmas 14. II and 14.21 

^5 



(2;^,y + w) 



r ^ 1 

= J (E^^'^(2^)(^-2^)')("'^'j^+^o)'-+^^o^^ 



+ 5 j k{y){z^^y + wor{w-wo)-+tOAo{Nk{y)\^fi^ + (5.16) 

Combining (|5.15|) . ()5.16|) and the fact that ^ remains in T^^ ,^ we get 

and the claim of the lemma follows from Remark 14.41 □ 
Lemma 5.3. Under the assumptions of Lemma \5. 1\ we have 

i=2 

+ tOAo(|VA;(y)|V' + |VA;(y)|M=^ + AAk{y)\^ + (5.17) 
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and for 1 < i < 3 

+ tOA„{\Vk{y)\^i^^ + |VA:(y)|/i3 + (5.18) 
Proo/. By we have for < z < 3 

To prove the claim of the lemma we will proceed termwise. In the calcu- 
lations below certain terms will vanish simply because we are integrating a 
product of an odd and an even function. Moreover, we often use Lemma l4.1l 
without mentioning it explicitly. 

For {if,^y)i G N{f[;{z^^y) and by we see 

fti^i^^y + w)^{S.f,,y)t = -5t / {k{x) - k{y)){Zf,^y + wo)^ — {^^^y)i 

(1 + tk{x)){Zf,^y + wof{w - wo)^{^^,,y)i 

/duo 
(1 + tk{x)){z^^y + W0f{W - W0f — {i^^y)i 

+ t=^OAo(|V%)|V+/^')- 
Due to Lemma 15.21 we may replace ^ by Yld=o ^W' (|5.14p we obtain 

{k{x) - k{y)){z^^y + WQf—{i^^y)i 
- ^^^^^ -t [ {k{x) - k{y)){z^,y + wo)H^,.,y)^ 



A{l + tk{y)) 



- 5t 1 lD'kiy)ix - yf{z,^y + uj,f^{i,,y), 

+ Wao (/u'|VA:(y)p + l^^\Vk{y)\ + 
From (|5.14|) and as G N{fQ{z^.y)) and w - wq ^ T^^^T-^ we see 

-20 /(l + tk{y)){z^,y + wof{w - wo)^{i^,y)i 



dt 

-inn).(f....)A ^ 



1 + tk{y) 

By Lemma l4. II and (|5.1H) we now get 

/duo 
(1 + tk{x)){z^^y + WQf{w - WQ) — {i^^y)i 

3 dw2 



: -20 y (1 + tk{y)){z^^y + woYw2-^{i^,,y)o 
- 20t j ]^D^k{y){x - yfiz^^y + wofw2^{i^,y) 
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Furthermore, we see 

, dw 
'di 



30 / (1 + tk{x)){z^^y + wo)\w - wof — {i^,y)i 



-30 y (1 + tk{y)){z,,y + yj,)\nj2?^{i,,y\ 
+2/-) /',.2|v7r^/„.M2 , ,.3iv7;.^„,M i .A 



+ t'OAo (^1VA;(y)|^ + fi'\Vk{y)\ + ^^+4) 

Since z^^y and w are orthogonal to {i^,y)i and {£,^,y)i G N{fQ{z^^y)), we may 
estimate using Lemma 14.21 

Hx){z^^y + Wf{if,^y)i = ^fiiz^^y + W){if,^y)i + ^ l {Z/^^y + wf{if,^y)i 



As 

dw2 /I 5A;(y) 



^«2, 



5t \t 4{l + tk{y))- 

we end up with integrals that are, up to a factor, computed in Section HI 
Summing up the results will give the claim of the lemma. □ 

6. Solvability of d{t, n,y) = 



Lemma 6.1. Under the assumptions of Lemma\^^ suppose j/o is a none 
generate critical point ofk, i.e. 

V^(yo) = and D'^k{yQ) is invertihle, with || (L'^A;(yo)) ^|| ^ ^0- 
Moreover, assume Ak{yQ) = 0. Consider the function a, defined by 
3~ \/5 

"(i, fJ', y) ■= — (1 + tk{yQ))'i{a{t, /x, y)i, . . . , a(t, /x, y)^)^ , 

tflTT 



which is well defined and continuous in (see Remark \4.6{ ), analogously we 
define aj{t,^,y). Then there are di = 6i{Aq) > and a C'^-function (5, 

such that 

a{t,fi,P{t,fi)) = for all t G [-Bq, Bi], < fi< 5i, 



and 

4 

=2/0 + (^'A;(yo))"'( J^ai(t,/x,yo)) +OAo(Ai^+^)- 
i=3 

Moreover, fi is unique in the sense that, ify G Bsj^{yo) satisfies a{t,iJ,,y) = 
for some t G [—Bq,Bi] and < ^ < 61, then y = I3{t,fj,). 
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Proof. In view of (|5.1() we would like to apply the implicit function theorem 
to the function /x, y))i<j<3 in the point {t,0,yo), but unfortunately a 
may not be differentiable for /i = 0. Instead we mimic the proof of the 
implicit function theorem and apply Banach's fixed-point theorem to the 
function 

F{t,fJ',y) ■=y+ {D'^k{yo)y^a{t,fi,y) 

in Bs{yo), where 6 > will be chosen later. Fix yi,?/2 G Bs{yo), then by 
Lemma 15. II 

\F{t,ij,yi)-F{t,fi,y2)\ 

= \{yi - y2) + {D'^Hyo))'^ J -^{t,fi,y2+t{yi - y2)){yi - y2) dt\ 

<\{yi-y2)-(yf^ {D^k{yo))-^D^k{y2 + t(yi - ys)) dt^ {yi - ys) | 
+ OaJ sup \Vk{y)\+ ijh)\yi-y2\ 



For y G -65(1/0) we estimate using Lemma 14.21 

\Fit,fJ,,y) - yo\ = \y-yQ + {D'^k{yo)y^ {a{t, fi,y))\ 

< y-yo- {D^k{yo)) (vk{y) + O^o (/U^)) 

< Oao(5' + m')- 

Consequently, there is 5i = 5i{Aq) > such that F{t,^, •) is a contraction 
in Bsj^iyo) for any < n < 61 and t € [— -Bq; Bi]. From Banach's fixed-point 
theorem we may define P{t,fi) to be the unique fixed-point of F{t,fi, •) in 
^Siiyo)- After shrinking 61 if necessary we may apply Lemma l5.ll and the 
usual implicit function theorem to see that the function (3 is twice differen- 
tiable for /i > 0. 

To deduce the expansion for small we fix p > and 

y £ Up := Bp(yo+ (D'^kiyo))"^ (^^ajit, iJ,,yo] 
^ i=3 

Then, by Lemmas 14.51 and 14.71 

4 

F{t,ii,y) -yo- {D'^k{yQ)y^ r^aj{t, li.yo) 



i=3 



< 



y - yo - (^'fc(yo)) ' (vfc(y) + Oa, (w' + /^V + ; 



Hence, we may choose for small /i a radius < /9 = Oao(/^^^*) such that F 
maps C/p into itself and Up C Bsj^{yo)- Consequently, the unique fixed-point 
P{t,fj,) must lie in this ball. This ends the proof. □ 
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Lemma 6.2. Under the assumptions of Lemma \6.1l if moreover k £ 
and \\D^k\\oo < ^O; then we have 

3 

(a(t,/i,/3(t,/x))) = + tk{yo))~^ — 75«o(yo) 

+ tir{l + tk{yQ)) * [aiiyo) + ta2{yQ, 



5 



+ + tk{yo))—* asiyo) 

where ai{yo) = ai{9) given in (jl.Tf) and ()1.8|) wii/i kg = k{- + yo)- If the 

assumption k G C^(M^) is dropped then the terms of order higher than 4 in 
/i have to be replaced by OAo{tf^^~^^)- 

Proof. In view of Lemma 16.11 and because VA;(yo) = we may estimate 
functions of y := P{t,iJ.) and of k{y) = k{[5{t,ii)) as follows 

4 

i"(y) = i^(yo)+i"'(yo)(^'A;(yo))"'(Va,(t,^,yo)) +Oao(^'+^), , , 

\=3 (6-1) 

F(%))=F(%o)) + Oao(/). 



To prove the claim of the lemma we expand a{t, fi, (3{t, fi))Q according to 
Lemma 14.81 and use For instance we have 

(a2(t,/U,y))o = -tfi\l + tk{yo))-^^^Ak{y)+OAo{tfJ.^) 

= tfi\l + tkiyo))"-^ I -^^VAk{yo) (D^k{yo)) ~'v{Ak{yo)) 



fi^VAk{yo)-{D^k{yo)y'ji 



If we continue expanding the remaining terms given in Lemma 14.81 the claim 
follows. □ 

Lemma 6.3. Under the assumptions of Lemma \6. 1\ let Ak{yo) = = ao(yo) 
and define 

X 9 30 

l{t,fJ') ■■= -^(1 + tA;(2/o))4 — 3— (a(t,/i,/3(t,/i)))Q. 



Then 



Proof. We have 



^ = a.(.o) + 0.„(,i). 



d{d{t,n,P{t,fx)))^ _ d{a)o ^ d{a)o 



dt dt 



{t,M,/3(t,M)) dy 



{t,n,p{t,ij.)) dt 
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The derivatives of (a)o are computed in (|5.2() and (|5.17|) . In order to compute 
the derivative of P we use the fact that 



d{t,n,P) := . . . , (a(t,/i,/3))3) 

By H6.H) and Lemmas 15 . 1 1 and 15 . 31 we have 



T 



0. 



dp 
'dt 



da 
dy 



^ da 

{t,fj.,i3{t,^i)) I dt 



{t,il,(3{t,pL)) 



IT 



1 1 

- {ait, fi,P)).- Oao ( («i {t,fi,p)))+ to A, ) 



i=1...3 



= OA,{^i^+"^), 

where we used the fact that as ;U, = for 1 < i < 3 



^(a,(t,/i,/3)). = OAo(t^'+^). 



From ()5.2() we get 



9(a)c 



9^ 

Furthermore, by Lemmas 15.31 



OAo(t/+^). 



= -ait, /3)o + 2^ " 



i=2 



-ajit,fi,P)o 



The definition of 7, 1)6.11) . and Lemma 16.21 yield the claim. 



□ 



Lemma 6.4. Under the assumptions of Lemma \6.S^ suppose a2(yo) 7^ and 
either ai(yo) / or (ai(yo) = and 03(2/0) 7^ Oj- Moreover let 



An > 



and 



0.2 (yo) 



\aiiyo)\-^ + 2|ai(yo)||a2(yo)r^ + l«2(yo)r^ «/«i(yo) / 0, 
|a2(yo)r^ + l«3(yo)r^ + |a3(yo)| ifaiivo) = 0, 

G (— i3o,-Bi)- T/ien t/iere exist 62 = (^2(^0) > and a ex- 



junction t, 

0<fM<62}^i-Bo,Bi)\{0}, 
such that (a(t(/i), /i, /i)))^ = for all < fi < 62 and 

1 J ai(yo) + C>Ao(/^^) «/ai(yo)/0 



a2(yo) \a3(yo)^ + OAo(^i^+^) i/ai(yo) = 0. 



(6.2) 



Moreover t is unique in the sense that, if t £ i—BQ,Bi) and < fi < 62 
satisfy (Q;(t, ;U, /3(t, /i)))^ = thent = ii^). 
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Proof. We only sketch the proof, which is similar to the proof of Lemma [6 .11 
We will apply Banach's fixed-point theorem to the function 

F^{t) = F{t, fi):=t- a2{yo)-^l{t, fi), 

where 7 is given in Lemma iH.I-il To this end we show that for small fi the 

o-ijyo) 



map is a contraction in some ball centered at —^4^ if o-iivo) 7^ and 



ini?,(-gg/i),ifai(2/o) 



0, where 



< r < ro = ro(/i) := . 

2 \a2[yo)\ 

To prove that is a contraction we may proceed as in Lemma 16.11 We 
only need the derivative of 7, which is given in Lemma 16.31 □ 

7. A PRIORI ESTIMATES 

We combine the results of Sections EEl to prove the C^-a priori estimates 
announced in the introduction. 

Theorem 7.1. Suppose there is Aq > 2 such that k £ C^{S^) satisfies 
D'^keiO) is invertible, if 9 € A := {9 € : Vk{e) = and Ak{9) = 0}, 

(^0)-' < I + {I + A^')k{e) < Ao, 
^0 > sup{||(-D2A;g(0))-^|| : eeA}. 



Thus, A is discrete and there is r = r(^o) > such that 
SJk{e) / for aliee U BriOo) \ {60} . 

Additionally, assume there is Ai > {) such that 

> sup{|AA;0(O)r^ : |VA:(0)| < G U Sr(^o)}, 

Ai > sup{|ao(6l)|"^ : 9 € A and ao{9) / 0}. 
Denote by M the finite set 

M :={eeS^ : OgA, ao{9) = 0, and a2{9) 7^ O}. 
Then for every 6 > exits C = C{A, Aq, Ai,6) such that for all 

t £ {0,l]\UeeMBs{-ai{9)/a2{9)) 
and solutions ipt of (|1.5|) we have 

C""*" < < C and \\Lpt{x)\\(^2,a(^ffi^ < C. 

Proof. Set Is^k '■= (0, l]\Uyi^i\i Bs{—ai{y)/a2{y)). To obtain a contradiction, 
we assume that there are sequences (ki) G C^{S^), satisfying the assump- 
tions of the theorem with [A, Aq, Ai,6) fixed, and {ti,ipti) £ l5,k^ x C^(5^) 
of solutions to ()1.5|) with k = ki such that Hv^tJIoo 00 as i 00. Passing 
to a subsequence we may assume — > to as i ^ 00. By Corollary 13.21 there 
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are 6 £ S^, fj-i ^ and i/j — > such that ut^ defined by H1.3() in stereographic 
coordinates Sq{-) solves (|1.6() and satisfies 

wt, := ut^ - (1 + ti{ki)e{yi))~~* z^,^^y^ is orthogonal to T^,,^^y^Z, 

ll*i«ll©l>2(M3) = 0(1). 

Using the notation of Lemma 14.21 we have with k = ki 

= fuiuu) = fuizi^.,yi + woiti,fJ,i,yi) + wtj. 
Consequently, for large i, due to the uniqueness of a and w in Lemma 14.21 

uu = ^^J.^,y^ + w{ti,Hi,yi, ki) and a{ti,fii, yi, ki) = 0, 

where we added the additional parameter ki to express the dependence of a 
and w on /cj. From the expansion of a in (|4.4|1 we see 

lim V{ki)0{yi) = and lim A{ki)0{yi) = 0. 

As (^,^0)^1)'^) is fixed, the point 6 is in A, hence ^ is a nondegenerated 
critical point of each ki. We may apply Lemma l6. II with k = ki and get for 
large i 

yi — Pitij ^j)] 

where again the additional parameter ki denotes the dependence on ki. From 
Lemma 16.21 we now get 

= -^(d(ti,Hi,P{ti,fii,ki),ki)] 



3 

-(l + tifc,(0))-t^ao(0,A;i) 

TTVO 



3 I— 

+ iiiil + t;^i{6))--^ ^^^(T^ ("1^^' + ^^''^l^, ^i) 
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+ 0(/^r^)- (7.1) 



Consequently, as {A., A^., A\.,S) is fixed, aQ{6,ki) = for large i. 



We observe that \a2{9,ki)\ > Aq'^ for all i large enough, if not then we get. 



up to a subsequence, 



\aiie,k,)\>\ki{e)r'(^^\ I |Z)2(A;,),(0)(X^2|2 



"^0 



9Bi(0) 

> const^o^(l - ^0^), 

which yields a positive lower bound on \ai(9, ki) + tia2{6, ki)\ contradicting 
the expansion in (|7.1() for i large. Hence from (|7.1() we infer 

«i(6',fci 

02(6*, /Cj 

which is impossible for 5 > 0. This shows that all solutions ipt of H1.5|) with 
t € Is are uniformly bounded. From Harnack's inequality and standard 
elliptic estimates they are uniformly bounded below by a positive constant 
and uniformly bounded in C'^''^(S^), which ends the proof. □ 



ti + 



<\a2i9,ki)r'0{i,f)<0{f,f), 
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From the proof of Theorem l7.1l it is clear that k need only to be in C^(S'^), 
but then the constant C will also depend on the modulus of continuity of 
D^k. 

Proof of Theorems and \1.4\ If 9 £ Mjji U Mq we may apply Lemmas Ifi.ll 
and 16.41 with k = kg and yo = 0. If we set y{fJ.) := then we have 

d(j^{fi), fi,y{fi)^ = for all < ;U < min(5i,(^2) and = 0{fi'^). From 
Lemma 14.21 we get that 

i^if^) ■= Zf,,y{p)+w{i{fi),n,y{fi)) 

is a solution of ()1.6|) with t = i{fi). As Vk0{O) = and = 0{fi'^) we 
may use (|6.1|) to obtain in 'D^''^{R^) 

^Piis) = (1 + t»A:e(0))-3z^,o + 0(/i2). 

To show that is positive for small fi, we note that from Sobolev's 

inequality ip{p)~ — > in as ^ — > 0, where := min('(/'(/^), 0). Testing 

fl{'4){lJL)) with and using Sobolev's inequality we get for some c{k) > 

|V^(/.)-|2 = |(l+t»A:,(x))(^(/.)-)6<c(A;)(| |VV^a.)"|2)'. 
If ip{y)~ 7^ for small ^ we obtain the contradiction 

c{kr\< [ |vv(m)-|2= ^(l + i{^,)ke{x)m^^yf^o. 



The C^-estimate then follows from elliptic regularity (see Setting 

/(m,-) := and i^(^) = t» 

yields the existence of the desired curve of solutions. 

To prove uniqueness of the curves suppose {ti,(pi) blows up at ^ G S^. If 
ti £ (5,1 + S) then, as in the proof of Theorem 17. 11 we get 9 G M^. Under 
the assumptions of Theorem 11.41 we already know that 9 £ Mq . If all but 
finitely many (ti, ipi) lie on the curve corresponding to G U Afg , we are 
done. Hence we may assume, going to a subsequence if necessary, that none 
of the {ti, ipi) lie on the curve. This is impossible since by Corollarv 13 . 21 and 
Lemma 14.21 there are Hi,yi converging to zero such that for i large 

T^ei^i) = Zfj,^^yi +w{ti,fii,yi) and d{ti,fii,yi) = 0, 

and thus applying the uniqueness part in Lemmas 16.11 and 16.41 we see that 
yi = I3{ti,iii) and ti = t{iJ,i) and the points {ti,ipi) have to lie on the curve. 

□ 

Appendix A. Formulas and integrals 
The Jacobi polynomial pj'^''^^ is defined by 

:= ^-if (1 - - -r^^) (A.i) 

To compute integrals containing Jacobi-polynomials we will use 
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and the recurrence relation for j G No 

^'i (2j + 2a + l)(i + a + l)^+i ^^^^ 2i + 2a + l 

V^^f\^) := 0, :=1. 

(A.3) 



For a detailed account on Jacobi polynomial we refer to |23]. To evaluate 
integrals of the form 

dr. 



we use the following change of coordinates 



which gives 



and leads to 



r + r ^ 1 + 



Moreover, we note that for any a,b > —1 



/'(i+o°(i-;)^<=2°t" '^';;!'['ft/' ^ (") 

J-i r(a + 6 + 2) 

This gives for a > — 1 and 2b — a > 1 

+ , V^r(l + (a-l)/2)r(t-l-(a-l)/2)^ (A.O) 

To compute integrals over we use polar coordinates. To compute the 
resulting integrals over dBi(0) we use the following elementary results: 
For /3 G we have 



N 



r(f + Ef.,ft:) 



Let m > 2 and be a homogeneous polynomial of order m in x G 
Then 

^"■''=' = 2iV+ (AT +',„)(„. -2) / <^^'»'(^'- <^-^' 

aBi(o) 9Bi(o) 

= + 2) + (iV + m + l)(m - 3) / (^^'-)(^)^- 
aBi(o) aBi(o) 

(A.9) 
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As £-D'yk{y){xY = i^D'y-^k{y){xY~^ we see 



mi T{N/2)YlL-i2m{N + 2m-2) 

D^'+^k{y){x)^'+^x, _ 27r^/2^A^A;(y) 



(2^ + 1)! iVr(iV/2) ni-1 2m(Af + 2m) ' 

dBi(0) /i^m-i 

Lemma A.l. Suppose j G No, then 



(A.IO) 



(A.ll) 



l + r2; J V 1 + r 

mi 



r(i)r(|+i)(i2 + 6j + 2) 



2r(6 + j) 

Proof. We use the change of coordinates in (|A.4|) and obtain 

%4(i^^2)-5/i_ 2 X (|,|) 



(A.12) 



(-1) 



2J+5j 



7-1 V (i-ep^- ^ 



Now, the claim follows from HA.5|) . □ 
Lemma A. 2. Let /?,■ := |^±^ for j G N. T/ien 

(A.13) 

Proof. We use the change of variable given in ()A.4|) and the recurrence 

(■- -) 

formula ()A.3|) . applied to CT'j (C)) and get 

/•I ^ oo 5 r \ 2 

=2-^y^(i-a^^(E/^.^^''^(^)) 



■j=0 

oo ci 



oo d „x 5 5 5 5 

(1=0 j=0 -^"1 

v.. ni + m + l) If. (/ + !)! 1 

£^^''^'+^r(Z + 6)(2/ + 8)(2/ + 6)/! 4^(/ + 5)! 288' 



□ 
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